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Abstract. We present a formula describing the asymptotics of a class of 
multivariate orthogonal polynomials with hyperoctahedral symmetry as the 
degree tends to infinity. The polynomials under consideration are characterized 
by a factorized weight function satisfying certain analyticity assumptions. As 
an application, the large-degree asymptotics of the Koornwinder-Macdonald 
-BCjv-type multivariate Askey- Wilson polynomials is determined. 



1. Introduction 

It is known that the classical families of hypergeometric and basic hypergeomet- 
ric orthogonal polynomials form a hierarchy, the Askey scheme, of which the most 
general member is given by the celebrated Askey- Wilson polynomials |AWI IKSj . 
Other families of classical orthogonal polynomials, such as e.g. the Hermite, La- 
guerre, Jacobi, and Hahn polynomials, all turn out to be special (limiting) cases of 
these Askey- Wilson polynomials. Around a decade ago, Koornwinder introduced a 
multivariate generalization of the Askey- Wilson polynomials with hyperoctahedral 
symmetry ^ , by building upon the pioneering works of Macdonald on families of 
orthogonal polynomials associated with root systems |MlllM2|lM3j . As it turns out, 
these Koornwinder-Macdonald polynomials form again a master family in the sense 
that they contain all Macdonald families associated with the classical root systems 
as special cases ^1)11 , as well as certain multivariate versions of the Hermite, La- 
guerre, Jacobi, and Hahn polynomials (see e.g. the papers |B01 tBF. .Di3[ IDi4j and 
references therein). Over the past few years, the properties of the Koornwinder- 
Macdonald polynomials have been subject of investigation in a number of works, 
leading to a multivariate generalization of significant part of the theory surrounding 
the one- variable Askey- Wilson polynomials |T^inil ini[^ II^INEl l^lMillOmi | . 

A fundamental problem in the theory of orthogonal polynomials is the question 
of their asymptotical behavior as the degree tends to infinity |Sz[ lU-ZL IH] . For the 
Askey- Wilson polynomials, this asymptotics was determined by Ismail and Wilson 
|IWj (leading asymptotics) and by Ismail P (full asymptotic expansion) . The main 
purpose of the present work is to lift this asymptotic analysis to the multivariate 
level. More specifically, our goal is to determine the large-degree asymptotics of 
the Koornwinder-Macdonald multivariate Askey- Wilson polynomials. Such large- 
degree asymptotics was determined recently for the Macdonald polynomials by 
Ruijsenaars |R,uj (for the type A root systems) and by the present author |Di5| (for 
arbitrary reduced root systems). The current work should be seen as an extension 
of these results to the case of the Koornwinder-Macdonald polynomials, or from a 
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more conceptual point of view, as an extension from reduced to nonreduced root 
systems. Following the ideas of Ruijsenaars, we in fact determine the asymptotics 
of orthogonal polynomials associated to a fairly large class of weight functions that 
factorize in terms of one-dimensional c-functions. However, whereas Ruijsenaars 
studies homogeneous symmetric polynomials, here in contrast we consider (Laurent) 
polynomials in N variables invariant under the action of the hyperoctahedral group 
Sat K (thus passing from type A to type BC root systems). For a specific choice 
of the c-functions, we end up with the asymptotics of the Koornwinder-Macdonald 
polynomials. 

It is important to emphasize that — at the multivariate level — the large-degree 
asymptotics considered here is not the only type of asymptotics of interest. Other 
types of asymptotical properties of multivariate orthogonal polynomials, involving 
their behavior as the number of variables tends to infinity, were for instance studied 
by Okounkov and Olshanski for the case of Jack's hypergeometric degeneration 
{q ^ 1) of the Macdonald polynomials associated with the type A root systems 

mm. 

The paper is organized as follows. In Section 13 we first define our class of sym- 
metric orthogonal polynomials. An asymptotic formula for these polynomials is 
presented in Section |31 In Section 0] we apply the asymptotic formula in question 
to determine the asymptotics of the Koornwinder-Macdonald polynomials. Finally, 
Sections |5l and El wrap up the paper via a series of results which — when linked 
together — combine into the proof of the fundamental asymptotic formula from Sec- 
tional 

2. Multivariate Orthogonal Polynomials 

2.1. Symmetric Monomials. Let W be the hyperoctahedral group given by the 
semidirect product of the permutation group S^r and the N-fold product of the 
cyclic group Z2 . The natural action of w = (a, e) G on is given by 

x„, = w(x) = (eia;cri, . . . ,ejva;o-„) (2.1) 

(with (T e Sat and ej G {1,-1} for j = 1,...,N). Let be the algebra of 
VF-invariant trigonometric polynomials on the torus 

Tjv =M^/(27rZ)^. (2.2) 

The standard basis for A^ is given by the symmetric monomials 

m,(x) = -^ ^ e^<^-->, AeA, (2.3a) 

where (A,x) = Z^^i ^j^j^ 

A = {A e I Ai > A2 > •■• > Aat > 0}, (2.3b) 
and \Wx\ denotes the order of the stabihzer subgroup Wx ^ {w £ W \ = A}. 

2.2. Orthogonality. We will partially order the monomial basis {m\}\^\ by 
means of the hyperoctahedral dominance order on Z^: 

e e 

A^Ai^^A,>^^, for£=l,...,N. (2.4) 
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Let A(x) be an almost everywhere positive weight function on the torus Tat. We 
equip with an inner product structure associated to A via the definition 

(/,5)a = 7^/ /(x)^A(x)dx, V/,5G^^ (2.5) 

JTm 

(where g{x) denotes tlic complex conjugate of (/(x)). 

Application of the Gram-Schmidt process to the partially ordered monomial 
basis produces a basis {Pa}aga of of the form 

Pa(x) = aA/.m^(x), A € A, (2.6a) 

with coefficients ax^ G C such that 

{Px,m^)A=0 iffi<X and (Pa,Pa)a = 1, (2.6b) 

where we chose aw > by convention. (In other words, the elements of this new 
basis are orthogonal when comparable in the partial order.) 



2.3. Factorized Weight Functions. From now on we will restrict our attention 
to a special class of T4^-invariant weight functions that factorize in terms of one- 
dimensional c- functions. Specifically, we consider weight functions of the form 

with \W\ = 2^m and 

C(x) = Y\_ co{xj + Xk)co{xj - Xk) Y]_ ci(^i)- (2-7b) 

l<j<k<N l<j<N 

For technical reasons, it will be assumed that the c-functions Cp{x), p = 0,1 are of 
the form 

co(x) = (1 - e-*-)-ico(e-") c,{x) = (1 - e-2-)-ici(e— )■ (2.8a) 

Here the reduced c-functions Cp{z) are taken to be: analytic on a closed disc Dp = 
{i;eC||2;|<pp}of radius Qp > 1, zero- free on an open environment of the origin 
containing the closed unit disc, real-valued for z real, and normalized such that 
Cp(0) = 1. It follows from these conditions that Cp{z) and l/cp{z) have uniformly 
converging Taylor expansions on the closed unit disc of the form 

oo 

c±i(^) = l + 5^a±p^" (P = 0,1), (2.8b) 

n=l 

with a^Q = 0{e~'^") and o,^^ = 0(e^^"/^) as n — > cx) for 

< e < min(log(£<o),21og(£<i)). 

Indeed, the asymptotic bound on the Taylor coefficients follows from the Cauchy 
formula a+p = ^ f^^^^g Cp{z)z~"'~^dz (whence a+p = 0(e~"'^°s(ep)) as n tends 
to oo). 
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3. Asymptotic Formulas 

For A e A, we define 

Pr(x)= E C(x„)e^<"'-™> (3.1) 

and 

m(A) — min A, — A,+i (3.2) 

j = l,...,JV 

(with the convention that Ajv+i = 0). Let || • ||a = a/ (•, •)a- The foUowing theorem 
states that for m(A) oo the strong L^-asymptotics of the polynomials P\{x) is 
given by the functions PJ"(x), with an exponential error bound governed by the 
decay rate e of the Taylor coefficients ^ of the reduced c- functions Cp{z). 

Theorem 3.1 (Asymptotic Formula A). One has that 

\\Px - P^Wa = 0(e-^'"(^)/2) ^ 

If the polynomials Pa are moreover orthogonal when non-comparable in the 
partial order (i.e., if they form an orthonormal basis of A'^), then we have the 
following alternative error bound. 

Theorem 3.2 (Asymptotic Formula B). If the basis {P\}\eA is orthogonal, then 
one has that 

\\Px - P^Wa = 0(Af e-^^t^)) as m{X) ^ oo. 

If the growth of m(A) and Ai is proportional, then the error bound of Theorem 
13.21 is more efficient than that of Theorem 13.11 For instance, for A G A fixed and 
strongly dominant (i.e. with m(A) > 0), we get the following asymptotics along the 
discrete ray AN. 

Corollary 3.3 (Ray Asymptotics). Let A G A 6e fixed and strongly dominant. If 
the basis {PaIagA is orthogonal, then one has that 

\\Pex - Pn\\A = O(f^e-^"(^)0 as ^ ^ oo. 

In case of polynomial reduced c- functions Cp(z), the asymptotic formula turns 
out to be exact for m{X) sufficiently large. 

Theorem 3.4 (Exact Asymptotics). If there exists a nonnegative integer M such 
that Q — 0, \/n > M and a^j^ = 0, Vn > 2M, then one has that 

Pa(x) = ;^pr(x) 

for to(A) >M-1, where Af^ = \\P^\\a = 1 if m{\) > M. 

For M — 0, the c-functions are of the form co{x) = (1 — e^™)^^ and ci{x) — 
(1 — e~^")~^, respectively, and the polynomials Pa(x) amount in this case to the 
characters of the symplectic Lie group SP{2N;C) (with root system Cat). The 
formula of Theorem 13.41 boils then down to the Weyl character formula. 

For M = 1, the c-functions are of the form co{x) = (1 — te^")(l — e"*^)""'^ and 
ci{x) = (l-toe"")(l-<ie-^^)(l-e-2")-i (with -1 < t,to,ti < 1), respectively, 
and the polynomials Pa(x) amount in this case to Macdonald's generalized Hall- 
Littlewood polynomials associated with the root system BCn jMl| . The formula 
of Theorem 13.41 boils then down to the standard explicit representation for these 
polynomials (cf. Eq. (10.1) of [Ml] ). 
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When replacing the partial order >^ (|2.4() in the Gram-Schmidt process of defini- 
tion l|2.6a|l . (|2.6bp by the lexicographical ordering one ends up with an orthonor- 
mal basis {P\}\eA of . It is clear from the proofs in Sections [3 and IHl that the 
asymptotics of the polynomials -Pa(x), A G A is again given by Theorem 13.11 by 
Theorem 13 . 21 (and thus Corollarv l3.3|l . and by Theorem 13. 41 fwith the same asymp- 
totic functions P^(x) and the same error bound e). (The crux is that Proposition 
15.11 and Lemma 16.21 below remain valid when replacing the partial order >z by the 
lexicographical linear refinement y.) In particular, it follows from this observation 
that in the situation of Theorem 13.41 one has that (Pa,^/x)a = for A,^ G A 
such that min(m(A), m(/i)) > M — 1 (even if A and fi are not comparable in the 
partial order >z H2.4|l \ 

4. Specialization to Koornwinder-Macdonald Polynomials 
By picking reduced c- functions Cp{z), p — 0,1, of the form 

where (z; q)ac = nj^o(-'^ ~ zq"'), and with parameters subject to the constraints 
0<g<l, -l<t,tr<l (r==0, ...,3), (4.1b) 



the weight function A(x) (|2.7a|l . Ij2.7b|) specializes to 

1 



with 

c(x) = n 



2^iV!C(x)C(-x)' 



l<j<k<N '^>°° 

(and {zi,Z2, ■ ■ ■ , Zk] g)oo = izi;q)^{z2,q)oc ■ ■ ■ (-Z fc; g)oo)- It was shown by Koorn- 
winder that the polynomials -Pa(x), A G A H2.6a|l . (j2.6bl) . associated to the weight 
function A(x) H4.2a|l . (|4.2b|) . form an orthogonal system [K] (i.e., the polynomials 
are also orthogonal when non-comparable in the partial order). The conditions 
on the parameters q, t and to, ■ ■ ■ ,trj in Equation (|4.1b|l ensure that the reduced 
c-functions cq(z), ci{z) in Equation H4.1a|l satisfy the technical requirements stip- 
ulated in Section [3 In particular, for the bound on the decay rate of the Tay- 
lor coefficients a+p we have go = q"^ and gi = q~^^'^, so we may choose (any) 
eG (O,log(l/g)). ' 

Specialization of the results of Section |3] to the weight function A(x) H4.2a|l . 
1)4. 2 b|) immediately entails the main application of our asymptotic analysis. 



Corollary 4.1 (Asymptotics of Koornwinder-Macdonald Polynomials) . The asymp- 
totics of the Koornwinder-Macdonald polynomials is governed by Theorem \S.l\ The- 
orem T^~^ and Corollary \S. 'A with asymptotic functions Pj^(x) (|3.1|l characterized 
by the product c-function C(x) (|4.2bp . and an error bound with a decay rate that is 
at least as fast as any e taken from the interval (0, log(l/g)). 
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5. The Asymptotic Functions 

This section exhibits some properties of the asymptotic functions (x) H3.1(l 
that are needed in the proof of the asymptotic formulas stated in Section |21 

Proposition 5.1 (Partial Biorthogonality). Let A, /i G A with /i ^ A. Then 



1 iffi = A. 



Proof. From the ly-invariance of the weight function A(x) = g(x)C(-x) clear 
that 

1 f 1 



(27r)^|W^| IT^.I Jj^ C(x)C(-x) 
= I V / 1 e^<-^-^"''^)dx 

(2-n^Mlii;;.A„c(-x)^ 

The integral on the last line picks up the constant term of the integrand (times 
(27r)^). It is immediate from our assumptions on the structure of the c-functions 
that 1/C(— x) has a (uniformly converging) Fourier expansion of the form 1 + 
Snez" n^o '2*^"'''^ whcncc the constant term in question is equal to 1 if A = 
/i^u — fi and equal to otherwise. (Here we used the standard fact that fi >z fi.^ for 
all /i G A and w G W, cf. also Lemma [5.31 below.) □ 

By factoring-off the denominators of the c-fimctions, one rewrites P^(x) 

as 

P^(x) = S-\x) J2 det(w)C(x„)e*<^+'''^"'>, (5.1a) 



with 



C(x) = Yl CO (e~'("^- +"'=)) CO (e-'("^-"'=)) ci(e~"0, (S-lb) 

l<j<k<N l<j<N 
l<j<k<N 

Yl (e"^ -e-"0, (5.1c) 



X 



and 



N 

p = Y,{N +l-j)e,. (5.1d) 
j=i 

(Here denotes the j*^ unit vector in the standard basis of M^.) We introduce 
the following polynomial truncation of the asymptotic function P^{x): 

P^")(x) = (5-i(x) det(u;)C(")(x^)e*<^+''^"™\ (5.2a) 

with 

C(™)(x)= H 4"^(e-*(^^+^'=))c[,'")(e-'(^^-^'=)) n ci'"^(e-"0, (5.2b) 

l<j<k<N i<j<N 
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where Cg™' (z) and c^"'-* (z) consists of the first m + f and 2m + 1 terms of the Taylor 



expansions of the reduced c-functions co{z) and ci(z), respectively, i.e. 

rn 2 m 



m 2 m 

n— 1 n—1 



(with the coefficients a^p [p ~ 0, f) being defined by Eq. 12.8b|l V 
Proposition 5.2 (Asymptotic Error Bound). One has that 

pr(x) = pl™^(x)+4'"'(x), 

with 

114"^ II A = 0(6-"") as m ^ oo 

(uniformly in X). 
Proof. Let us write 

C(x) =C('")(x)+7e(™)(x). 
The error between P|™^(x) and i^^(x) is then given by (cf. Eqs. (|5.f|l . (IS.'iall l 

4™Hx) =<5-i(x) ^ det(u;)7^('")(x»)e*<^+'''"™^ 

wew 

The quotient A(x)/|(5(x)|-^ = l/(C(x)C(— x)) is smooth on the torus Tjv due to the 
absence of zeros in the c-functions. Hence, to prove the error bound on ||f|'"''||A 
it is enough to show that maxxeTw (''^^™'' (x)) — 0{e~'^"^). To this end we set 
Cp{z) = Cj"^\z) + rp"^\z), whence 

7^(™)(x) = n (4"^(e-'("'+"^^)+r^™^(e-*(^^+"^))) 

l<j<A:<Af 
X 



n (cl™)(e— .)+^(™)(e-".)) 



J] 4")(e-^(^^+"^))c[,"')(e-^(^^-"-)) n 



X 

l<i<JV 

l<j<k<N l<j<N 

The bound on maxxpT^ (Te'^^x)) thus follows smce niaxi^i^i (c'p^^z)) = 0{1) and 
max|2|^i(rp"'''(z)) = 0(e~'^"'), in view of the 0(e~^") and 0(e~'^"/^) decay rates 
of the expansion coefficients a^Q and ^ for the reduced c-functions co(z) and 
ci(z), respectively. □ 

For m sufficiently small, the polynomial truncation (x) of the asymptotic 
function P^(x) expands triangularly on the monomial basis. This observation 
hinges on the following lemma. 

Lemma 5.3. Let A G A and let 

l<j<*:<Af i<j<N 

with < ^j^ii'i^Jk — nT-W o.nd < Uj < 2m(A). Then one has that 

fiyj ^ A, Vw G W. 
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Furthermore, ifO < n^i^n^^. < m{X) and < nj < 2m(A), then the equality /x, 
is assumed if and only if w = Id (and all n^k,nj^,,nj vanish). 

Proof. The components of /U are given by 

l<k<j j<k<N 

j = 1, . . . ,N. It thus follows that 

e 

j=l j&J+ l<k<aj Uj<k<N 



{^'^i - ^^i + Y ^"^ka, - ^kaj ) + Y ("a,fc + %fe)) 

jGJ~ l<k<Uj (Tj<k<N 



k^a(J+) 

-^-.■+ Y E E ";,fe)'(5-3) 

is J- l<k<crj (Tj<k<N crj<k<N 

k^a(J+) k^a(J+) k^a(J-) 

where J+ = {I < j < I \ Sj = +1} and J_ = {1 < j < £ | = -1}. The proof 
of the first part of the lemma now hinges on successive application of the following 
three elementary 'transportation' inequalities 

\j + n < Xj-i (A), n — Xj < — Aj+i (B), m — Ajv < Ajv (C), 

for < n < to(A) and < m < 2to(A). Indeed, ordering of the components Xg-j, 
j e J+ from small to large and iterated application of inequality (A) (so as to 
'transport' to Ai, A2, . . . , A| , respectively) readily entails that 

E(^-. + E <^i + ^2 + --- + A,j^| (5.4) 

j G J+ l<k<(Tj 
fe^a(J+) 

(where | J+| denotes the number of elements of J+). In a similar way we obtain 
that 



-A^, + Y "t,. + E E ^<^.fe) 

l<k<aj aj<k<N <jj<k<N 

kia{J+) ki<T(J+) kia{J-) 

Y + E "fe-. + E 



< 

jeJ_ " l<fc<o-, aj<k<N 

k^a{J+) k(ia{J+) 

— (•^Ar-|J_| + l + '^Ar-|J_|+2 + 1- Ajv) 

< A|j^|+i + A|.7^|+2 + --- + A|,/^|+|,7_|. (5.5) 

Here the inequality (i) is inferred by ordering —Xa-j, j S J- from large to small, 
followed by iterated application of inequality (B) ('transporting' to — Ajv+i-j, j = 
1,...,|J_|, respectively); the inequality (ii) then follows by iterated application 
of, respectively, inequality (B) ('transporting' from — Aat+i-^- to —Xn), inequality 
(C) ('flipping' the sign from — Ajv to +Ajv), and inequality (A) ('transporting' back 
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to A|,7^|+j) (with j ^ 1,...,|J_|). Combination of Eqs. (|5.3(l . (|5.4(l and (|5.5|l 
now gives that l^<^j — ^^r £ = 1, . . . ,N, which proves the first 

part of the lemma. To prove the second part, one observes that the elementary 
inequalities (A), (B), and (C), become strict for < n < to(A) and < m < 2m(X). 
Hence, for < n^i:n~^, < m(A) and < < 2to(A) the inequality in Eq. (|5.4|) 
becomes strict unless <j{J+) = {1, 2, . . . , | J+|}, and the inequality in Eq. (|5.5|) 
becomes strict unless J_ =0 (so J+ = {1,2, . . . ,£}). Thus, the upshot is that now 
I]j=i ^3 M<Tj = J2^j=i for ^ = 1, . . . , TV if and only if {cti, erf} = {1, ... , £} for 
£ — 1, . . . ,N and ej = +1 for j = 1, . . . ,N, i.e., if and only if w = Id (whence all 
, njf, and rij vanish) . □ 

Proposition 5.4 (Triangularity). For A G A and m < m(A) + 1, one has that 

with G C. Furthermore, for m < m(A) the polynomial P^"^\x) is monic (i.e. 

Proof. It is immediate from the definition that the truncated asymptotic function 
p('"'*(x) H5.2a|l can be written as a finite linear combination of symmetric polyno- 
mials of the form 

ri(x) ^ det(w)e'<^+''-"'""\ (5.6a) 



where 



n= ^ (^?i+(ej+efc) + ?i^.Jej-efe)j + ^ n^ej, (5.6b) 
i<i<fc<JV l<j<N 

with < rt^, njj. < m and < Uj < 2m. The polynomial in Eq. I|5.6a|l vanishes if 
A + p — n is singular with respect to the action of the Weyl group (i.e. if it has a 
nontrivial stabilizer) and otherwise it is equal, possibly up to a sign, to the Weyl 
character 

X, = 6-\^) J2 detiw)e'<^+P'--\ (5.7) 

where fj, is the unique dominant weight in the translated Weyl orbit W{\+p—n) — p. 
It follows from the first part of Lemma |5. 31 and the assumption m < m(A) + 1 = 
to(A + p), that /i ^ A. It moreover follows from the second part of Lemma 15.31 
that for TO < to(A), one has that p, = \ ii and only if all n"'^, n~j, and nj are zero. 
The proposition now follows from the well-known fact that the Weyl characters are 
monic M^-invariant polynomials that expand triangularly on the basis of monomial 
symmetric functions. □ 

We conclude this section with estimates for the norm of the asymptotic func- 
tion P^{x) and the for the leading coefficient in the monomial expansion of the 
normalized polynomial P\(x). 

Proposition 5.5 (Norm Estimate). One has that 

WP^Wa = 1 + Oie-'""^^^) as m(A) oo. 



10 



J.F. VAN DIEJEN 



Proof. It is clear that 

The proposition now follows from the observation that (P^, p|™'^''-')a = 1 by 
Propositions 15 . l1 and 15 .41 combined with the error estimate 

i(pr,4"''">Ai < iipa°°iia|i4"^^»iia = o{e-^"^^^^), 

by Proposition 15.21 fusing also that maxxeTw \H^)Px'i^)\ ^ |W^|maxxgTN 1^(^)1 
and that A(x)/|(5(x)p is bounded on T^r). □ 

Let A/a = a^^, where oaa (> 0) represents the leading coefficient of the polyno- 
mial Pa(x) (|2.()a|l . (|2.6b|l in the monomial basis. 

Proposition 5.6 (Leading Coefficient). One has that 

A6, = 1 + 0(e-^™(^)) as m{\) — > oo. 

Proof. A sequence of elementary manipulations entails that 

AAA = (^A,Pa°°)a 

(PA,a-PA + 4"<^»)A 

- «AA^ + (^A,4"<^»>A 

«AA^ + 0(e-™W), 

whence ~ '^aa = 1 + 0(e^'™(^^). Here we used respectively (i) Eq. (|2.6a(l and 
Proposition 15. II (ii) Proposition 15. 21 (in) Proposition 15.41 and Eqs. H2.6a|l . Ij2.6bp . 
(iv) Eq. (|2.6b|) . and (v) the Cauchy-Schwarz inequality and Proposition 15. 21 □ 



6. Proofs of the Main Theorems 

By combining the properties in Section[Sl we arrive at the proofs of the theorems 
stated in Section |3| 

6.1. Proof of Theorem 13.11 Straightforward manipulations reveal that 

\\Px Pnl = (^A, Pa)a - (Pa, Pa^a - {P^,Px)a + (^a^, Pa°°>a 
= l-2AA,-i + ||Prili 
0(e-""(^)), 

whence ||Pa-Pa°°||a = 0(e-'^'"(^)/2). Step Czj hinges on Eq. and Proposition 

O which implies that {Px,P^)a = {P^,P\)a = oaa ^ J^x'^- Step (ii) follows 
from the estimates in Proposition 15. 51 and Proposition 
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6.2. Proof of Theorem lOl From Proposition O and Eqs. (|THajl . (|T6bjl it is 

immediate that for m < m{X) 

pf)(x)=A6.PA(x)+ Yl ^V^/^W' (6-1) 

fieA, fj.-<x 

where Af\ = a^^ and fe^™-* € C. 

Lemma 6.1. If the basis {PaIasA is orthonormal, then 



\b[Z^\<\\£t^\\A 



for A, /i G A with /i -< A and m < m(X). 

Proof. Respectively applying Eq. (|6.1|l . ProDOsition l5.2l and Proposition l5.1l read- 
ily entails that 



~ \^ A i-'M/^ — X-'A "--A 

^A, I < 

Lemma 6.2. For X ^ A let — '5pan{r7i^}pgA, p^A- Th 

dim(^f ) < (l + Ai)"^. 



Hence 1^1™'' | < ||f (™''||a by the Cauchy-Schwarz inequality. □ 



Proof. Immediate from the observation that for G A the inequality ^ A implies 
that < fij < Ai for j = 1,...,N. □ 



The error bound of Theorem 13 . 21 now follows from the estimates 

II^^a-Pa^^IIa < IIPa-p^^IIa + II^^^IIa 

(a) . , 

< |Ar,-l|+dim«)||4")|U, 

whence ||Pa - ^TIU = 0(Af e"''"^^)) by Proposition O Proposition ESI and 
Lemma 16.21 Here step (i) hinges on Proposition 15. 21 and in step (ii) we employed 
Eq. (j6.1(l combined with Lemma [6. II 

6.3. Proof of Theorem 13.41 If the reduced c-functions co(z) and c\(z) are poly- 
nomial in z of degree at most M and 2M, respectively, then P^(x) = pj'"''(x) (i.e. 
fl™-* — 0) for m > M. Hence, by Proposition l5.4l one has in this case that 

Pr(x)= ar,m,(x) (ar^eC), (6.2) 

/iSA, p^A 

provided m(A) > A/ — 1. Invoking of Proposition 15.11 and comparing with the 
defining relations for Pa(x) in Eqs. H2.6a|l . (|2.6b|l . leads to the conclusion that 
the asymptotic functions in question coincide with the latter polynomials up to 
normalization 

^a(x) = for m(A) > M - 1. (6.3) 

Ika IIa 

The (square of the) normalization factor reads 

2 Eq._E3 /poo m \a P^P^ini oo ir.^. 

W\ IIa — ) Z^peA,p:<A «A/j "^A'/A — Oaa; ID-^J 

which, by Proposition 15. 41 is equal to 1 when m(A) > M. 



12 



J.F. VAN DIEJEN 



Acknowledgments 
Thanks are due to S.N.M. Ruijsenaars for several helpful discussions. 



References 

AW. R. Askcy and J. Wilson, Some basic hypcrgcomctric orthogonal polynomials that generalize 

Jacobi polynomials, Mem. Amcr. Math. Soc. 54 (1985), No. 319. 
BF. T.H. Baker and P.J. Forrester, The Calogcro-Sutherland model and generalized classical 

polynomials, Commun. Math. Phys. 188 (1997), 175-216. 
BO. R.J. Beerends and E.M. Opdam, Certain hypergeometric series related to the root system 

BC, Trans. Amer. Math. Soc. 339 (1993), 581-609. 

C. O.A. Chalykh, Macdonald polynomials and algebraic integrability. Adv. Math. 166 (2002), 
193-259. 

D. P.A. Deift, Orthogonal Polynomials and Random Matrices: a Riemann-Hilbert Approach, 
Courant Lecture Notes in Mathematics 3, Courant Institute of Mathematical Sciences, New 
York University, New York, 1999. 

D-Z. P. Deift, T. Kricchcrbauer, K.T.-R. McLaughlin, S. Venakides, and X. Zhou, Uniform 
asymptotics for orthogonal polynomials. Proceedings of the International Congress of Math- 
ematicians, Vol. Ill (Berlin, 1998). Doc. Math. 1998, Extra Vol. Ill, 491-501 (electronic). 

Dil. J.F. van Diejen, Commuting difference operators with polynomial eigenfunctions, Compo- 
sitio Math. 95 (1995), 183-233. 

Di2. , Self-dual Koornwinder-Macdonald polynomials, Invent. Math. 126 (1996), 319- 

339. 

Di3. , Confluent hypcrgcomctric orthogonal polynomials related to the rational quantum 

Calogcro system with harmonic confinement, Commun. Math. Phys. 188 (1997), 467-497. 
Di4. , Properties of some families of hypcrgcomctric orthogonal polynomials in several 

variables, Trans. Amer. Math. Soc. 351 (1999), 233-270. 
Di5. , Asymptotic analysis of (partially) orthogonal polynomials associated with root 

systems, Internat. Math. Res. Notices 2003, No. 7, 387-410. 
DS. J.F. van Diejen and J.V. Stokman, Multivariable g-Racah polynomials, Duke Math. J. 91 

(1998), 89-136. 

I. M.E.H. Ismail, Asymptotics of the Askey- Wilson and g- Jacobi polynomials, SIAM J. Math. 
Anal. 17 (1986), 1475-1482. 

IW. M.E.H. Ismail and J. A. Wilson, Asymptotic and generating relations for the q-Jacobi and 
4*3 polynomials, J. Approx. Theory 36 (1982), 43-54. 

KS. R. Kockock and R.F. Swarttouw, The Askey-scheme of hypcrgcomctric orthogonal polyno- 
mials and its (/-analogue. Delft University of Technology Report No. 98-17, 1998. 

K. T.H. Koornwinder, Askey- Wilson polynomials for root systems of type BC, in: Hypergeo- 
metric Functions on Domains of Positivity, Jack Polynomials, and Applications (D. St. P. 
Richards, ed.), Contemp. Math. 138, Amer. Math. Soc, Providence, RI, 1992, pp. 189-204. 

Ml. I.G. Macdonald, Orthogonal polynomials associated with root systems, Sem. Lothar. Com- 
bin. 45 (2000/01), Art. B45a, 40 pp. (electronic). 

M2. , Syimnctric Functions and Orthogonal Polynomials, University Lecture Series 12, 

Amer. Math. Soc, Providence, RI, 1998. 

M3. , Affine Hecke Algebras and Orthogonal Polynomials, Cambridge University Press, 

Cambridge, 2003. 

Mi. K. Mimachi, A duality of Macdonald-Koornwinder polynomials and its application to inte- 
gral representations, Duke Math. J. 107 (2001), 265-281. 

NK. A. Nishino and Y. Komori, An algebraic approach to Macdonald-Koornwinder polynomials: 
Rodrigues-type formula and inner product identity, J. Math. Phys. 42 (2001), 5020-5046. 

O. A. Okounkov, SC-type interpolation Macdonald polynomials and binomial formula for 
Koornwinder polynomials. Transform Groups 3 (1998), 181—207. 

OO. A. Okounkov and G. Olshanski, Asymptotics of Jack polynomials as the number of variables 
goes to infinity, Internat. Math. Res. Notices 1998, No. 13, 641-682. 

R.a. E.M. Rains, BCn-symmetric polynomials. Preprint, December 2001. 

Ru. S.N.M. Ruijsenaars, Factorized weight functions vs. factorized scattering. Comm. Math. 
Phys. 228 (2002), 467-494. 



ASYMPTOTICS OF ORTHOGONAL POLYNOMIALS 



13 



Sa. S. Sahi, Nonsymmctric Koornwindcr polynomials and duality, Ann. Math. 150 (1999), 
267-282. 

St. J.V. Stokman, Koornwindcr polynomials and affinc Hecke algebras, Intcrnat. Math. Res. 

Notices 2000, No. 19, 1005-1042. 
Sz. G. Szego, Orthogonal Polynomials, Fourth Edition, Amer. Math. Soc, Providence, R.I., 

1981. 

iNSTiTUTO DE Matematica y Fi'sica, Universidad de Talca, Casilla 747, Talca, Chile 



